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Abstract

We present numerical results of a comparative study of codes for nonlinear and non-
convex mixed-integer optimization. The underlying algorithms are based on sequential
quadratic programming (SQP) with stabilization by trust-regions, linear outer approxi-
mations, and branch-and-bound techniques. The mixed-integer quadratic programming
subproblems are solved by a branch-and-cut algorithm. Second order information is up-
dated by a quasi-Newton update formula (BFGS) applied to the Lagrange function for
continuous, but also for integer variables. We do not require that the model functions
can be evaluated at fractional values of the integer variables. Thus, partial derivatives
with respect to integer variables are replaced by descent directions obtained from function
values at neighbored grid points, and the number of simulations or function evaluations,
respectively, is our main performance criterion to measure the efficiency of a code. Nu-
merical results are presented for a set of 100 academic mixed-integer test problems. Since
not all of our test examples are convex, we reach the best-known solutions in about 90 %
of the test runs, but at least feasible solutions in the other cases. The average number of
function evaluations of the new mixed-integer SQP code is between 240 and 500 including
those needed for one- or two-sided approximations of partial derivatives or descent direc-
tions, respectively. In addition, we present numerical results for a set of 55 test problems
with some practical background in petroleum engineering.
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1 Introduction

We consider the general mixed-integer nonlinear program to minimize a scalar objective function
under nonlinear equality and inequality constraints,

minimize flx,y
re IR, yeZ™ ( ’ )

subject to gi(z,y) =0, j=1,....m. ,
g]<x7y)207 j:me+17...,m7
reX ,yey .

x denotes the continuous and y the integer variables including also the binary or boolean
variables, respectively. The two sets X and Y are defined by upper and lower bounds of

variables,
X={zeR":xy<z<uz,} ,

Yi={yeZ:y<y<uy.} ,

where n.. is the number of continuous variables and n; is the number of integer variables. It is
assumed that the problem functions f(z,y) and g;(x,y), j =1, ..., m, are twice continuously
differentiable with respect to = for all z € X.

Numerous algorithms have been proposed in the past, see for example Floudas [21] or
Grossmann and Kravanja [25] for review papers. Comparative results of a variety of solvers are
found in Bonami, Kilinc, and Linderoth [6], and a review on available software is published by
Bussieck and Vigerske [9].

Typically, these approaches require continuous relaxations of integer variables. By a contin-
uous relaxation, we understand that integer variables can be treated as continuous variables,
i.e., function values can be computed for all y € Y, where

(2)

Yr={yeR" :y <y<uy,} . (3)

However, many real-life mixed-integer problems are not relaxable, and model functions are
often highly nonlinear and nonconvex and depend on complex simulation software, especially
in mechanical, electrical, aerospace, chemical, automotive, petroleum and related engineering.
An industrial case study is considered by Biuinner, Schittkowski, and van de Braak [3], where
typical integer variables are the number of fingers and layers of an electronic filter, which cannot
be relaxed due to the underlying simulation tools. Other typical applications are the number
of trays of a distillation column, the number of planets of flyby missions, or the number of spot
weld points of the body of a car, if unknown in advance and if to be determined by mixed-integer
optimization.

When considering non-relaxable integer variables, we do not have in mind categorial vari-
ables, e.g., where a change of an integer value, say from 3 to 4, leads to a significant change of
the underlying model. Examples are different types of material or different available machines,
say compressor types of a gas production network. We do not state that our code could solve



them efficiently. In the worst case, one has to enumerate the whole search space to find the
optimal solution.

We are more interested in applications, especially in engineering sciences, which are modeled
by non-relaxable integer variables with some physical meaning. In other words, function values
implicitly depend on each other, please see the examples mentioned above. Consider, e.g., the
number of fingers of an electronic filter. A change from 36 to 37 would not lead to a dramatic
change of the objective or constraint functions. A plot of objective function values over two of
these integer variables, evaluated only at integer values, would look like a smooth grid. This
observation is the main motivation for our main idea to apply quadratic approximations.

We suppose that a black bor simulation code provides function values, i.e., that we do not
know anything about the internal analytical structure of the model functions nor the way the
model equations are implemented. Since, in addition, most simulation systems in engineering
sciences are highly complex, calculation times are often excessive. A very typical requirement
is to keep the number of all function evaluations below 1,000, and that any partial derivatives
are not provided by the simulation code.

In the past decades, branch-and-bound methods were developed where a series of relaxed
nonlinear programs must be solved obtained by restricting the variable range of the relaxed
integer variables, see Gupta and Ravindran [20] or Borchers and Mitchell [7]. When applying
an SQP algorithm at a node of the search tree, it is possible to apply early branching, see also
Leyffer [32]. Pattern search algorithms are available to search the integer space, see, e.g., Audet
and Dennis [2]. After replacing the integrality condition by continuous nonlinear constraints, it
is possible to solve the resulting highly nonconvex program by a global optimization algorithm,
see e.g. Li and Chou [33]. Alternatively, it is also possible to apply cutting planes as in linear
programming, see Westerlund and Pérn [51].

Moreover, the code DICOPT realizes an extension of the outer approximation method for
an equality relaxation strategy, and comes with some heuristics for solving nonconvex problems,
see Viswanathan and Grossmann [50]. BARON solves nonconvex optimization problems with
continuous and integer variables based on the Branch And Reduce Optimization Navigator com-
bining constraint propagation, interval analysis, and duality with enhanced branch and bound
concepts, see Sahinidis and Tawarmalani [11] and Tawarmalani and Sahinidis [1%]. Convex and
polyhedral relaxations are used Nowak et al. [36] to generate inner and outer approximations,
where the resulting code is called LaGO.

Another frequently used solution method for solving mixed-integer nonlinear programming
problems is based on linear outer approximations. The idea is introduced by Duran and Gross-
mann [15] and is extended by Fletcher and Leyffer [20]. Convergence towards the global optimal
solution of a convex program is guaranteed by considering a gradually improving linear relax-
ation of the original nonlinear program.

Moreover, the COIN-OR open-source project was created and resulting software, e.g., BON-
MIN, consists of sophisticated branch-and-bound, outer approximation, branch-and-cut and hy-
brid codes, see Bonami et al. [5]. Another implementation is called COUENNE based on convex
over- and under-envelopes and a branch-and-bound algorithm to solve nonconvex mixed-integer
nonlinear programs.

A first version of our mixed-integer sequential quadratic programming method (MISQP)



was discussed and implemented by Exler et al. [18]. The algorithm proceeds from the SQP-
based trust region method of Yuan [52], see also Schittkowski and Yuan [17], and is adapted
to solve nonlinear mixed-integer optimization problems by solving a sequence of mixed-integer
quadratic subproblems. The algorithm is outlined in Section 2 in more detail.

A possible stabilization of the method of Exler et al. [18] is achieved by adding linear
outer approximations as proposed by Fletcher and Leyffer [20] and Duran and Grossmann [15].
These modifications are presented in Section 3 together with a general outline of linear outer
approximation algorithms.

For any sequential quadratic programming (SQP) method, but also for applying outer ap-
proximations, the availability of first partial derivatives is crucial. An important question is
how to replace partial derivatives with respect to non-relaxable integer variables. Since f(z,y)
and g1(z,y), ..., gm(x,y) cannot be evaluated at small perturbations of an integer variable
value, we compute a descent direction instead. For the objective function and given z € X and
y € Y, we apply a two-sided difference formula,

of(x,y) 1
a< )%_(f(xvylﬂ"‘7yj+17"'ayni)_f<x7y17"'ayj_17"'7yni)) (4)
Yj 2
for j =1,...,n;, where y = (y1,...,9n,)T. The same formula is used for constraint functions.

Since our algorithms guarantee satisfaction of box constraints, the formula is adapted at a
bound. For binary variables or for variables at a bound, (4) is replaced by a forward or backward
difference formula, respectively. Partial derivatives with respect to continuous variables are
computed by standard difference formulae, but can be provided by a user also in analytical
form.

There is a very attractive advantage of approximating integer derivatives at grid points.
The additional function evaluations for gradient approximations are not wasted. We keep track
of the best feasible iterate regardless whether it has been used for computing a descent direction
or for the main iteration of our MISQP code, and return to this point whenever it seems to be
profitable.

It is important to understand that our SQP-type algorithm is also applicable to solve relax-
able mixed-integer programming problems. If analytical partial derivatives are available, the
user may pass them to the MISQP code. Moreover, if the number of integer variables is set
to zero, i.e., if n; = 0, the algorithm behaves exactly like a standard SQP-code for continuous
optimization stabilized by trust-regions.

An interesting question is whether the usage of analytical derivatives, if available, leads to
a better performance or not. Our numerical results indicate that numerical approximations
at grid points lead to a somewhat more reliable implementation, and are never worse than
the version with exact partial derivatives obtained by numerical differentiation. A possible
explanation might be that the main goal is to achieve a descent direction with respect to a
suitable merit function.

Section 4 outlines the test framework and contains numerical results. To compare robustness
and efficiency of our codes, we develop criteria to decide whether the result of a test run can
be considered as a successful one or not. Two sets of test problems are considered, a selection
of 100 academic mixed integer nonlinear test problems published in Schittkowski [16], and a



set of 55 test problems with practical background in petroleum engineering. Both are used to
compare our codes MISQP [16], MISQPN [17], MISQPOA [30], and MINLPB4 [29]. Some of
them are executed with different parameters to test alternative formulations.

2 A Sequential Quadratic Programming Algorithm with
Trust Region Stabilization

In this section, we present an SQP-type algorithm developed by Exler and Schittkowski [15].
The algorithm extends the concept of a trust region SQP algorithm as described by Yuan [52],
Conn et al. [12], Schittkowski and Yuan [17] and many others, to mixed-integer nonlinear
optimization. Instead of solving continuous quadratic programs, we solve a sequence of mixed-
integer convex quadratic optimization problems to approximate a solution of (1).

The Lagrange function of the mixed-integer nonlinear program (1) is

L(x,y,u, v, v, wi,wa) = f(2,y) = Y0 uig5(x,y) —of (x = a1) — v (2, — )
—wl (y—y) —wl(yu—y) ,

()

where u; is the Lagrange multiplier for the j-th constraint, j =1, ..., m, where v; and v, are
multipliers for lower and upper bounds of the continuous variables, and where w; and w, are
multipliers for lower and upper bounds of the integer variables. Note that in the presence of
integer variables, any optimality criteria based on the Lagrange function (5) do not exist. In
the mixed-integer case, multipliers are only used for updating a quasi-Newton matrix. They
become more important in case of continuous optimization (n; = 0) to serve as local optimality
criteria.
To simplify the notation, we define

g(xvy) = (gl(l’,y),...,gm(l’,y))T )
Vg(x,y) = (Vgl(xay)a"'av9m<xvy))'

The method is based on the exact L.,-penalty function

Py(x,y) == f(z,y) +ollg(z,9) o , (6)

where g(z,y)” € IR™ is defined as

gi(z,y)” =gi(z,y), 1<j<m, (7)

and

9i(x,y)” == min(g;(z,y),0) , me+1<j<m (8)
and o > 0 is an associated penalty parameter. The penalty parameter o is increased to penalize
constraint violation. It is guaranteed that our algorithm always stays within the bounds given

by X and Y, see (2), which are therefore not included in P, (z,y).
In the remainder of this section, the subscript k£ always denotes the iteration index.



The basic idea of trust region methods is to approximate the original problem by a simpler
one, in our case a convex mixed-integer quadratic program. In addition, we add a trusted
neighborhood to avoid steps that are too large. The solution of the quadratic subproblem
subject to the trust region is a potential step towards a new iterate. Depending on the quality
of the predicted improvement compared to the actual change in the merit function (6), the trial
point is accepted or rejected and the trust region is enlarged or reduced, respectively.

To approximate P, (zx, yx) in the k-th iteration step, where (z,yx) is a current iterate, we
successively solve the subproblem

minimize V f(xg, yk)Td + %dTOkd + oy, ” (g(ask, yr) + Vg(zg, yk)Td)i H
d°elR", d'eZ™
subject to  [|d°lee < AS, ||di]|, < AL | (9)
zp+deX ,y+dey

[e.9]

where d := (d° d’). Note that subproblem (9) is feasible and that the symmetric matrix
C), € RMetnri)x(netni) remains positive definite for all k. Moreover, it is guaranteed that the
subsequent iterate @y 1 := xp + d5 , yry1 := Yk + di, if accepted, satisfies the bounds given by
(2). A¢ > 0 and A% > 0 denote the trust region radii for the continuous and integer search
space, respectively.

We use the L,-norm for the continuous variables leading to appropriate box constraints.
To simplify the notation, boolean variables are considered as integer variables with bounds 0
and 1. However, we apply different trust region norms, i.e., ||.||,, where ¢ is either ¢ = oo for
integer and ¢ = 1 for boolean variables. For binary variables, an L; trust region constraint can
be reformulated by one linear inequality. On the other hand, a trust region based on the I,
norm for general integer variables would lead to a large number of additional linear constraints.
The update rules are the same for both types of variables.

During the remainder of this section, we denote the objective function of the mixed-integer
subproblem (9) by

o0

(I)k(d) = Vf(:ck, yk)Td + %dTde + ok H (g(Ik, yk) + Vg(xk, yk)Td)_H . (10)

Since (9) is non-smooth, we introduce a slack variable n € IR to reformulate (9) as a mixed-
integer quadratic programming problem

minimize Vf(xr, ye)Td + %dTC’kd+akn
d°eR", d'eZ™ nelR
subject to n+ 9@, k) + Vg (xr,ye)'d > 0, j=1,....,m. ,
n—9j(@ryr) — Vgij(zry)d > 0, j=1,....,m. , (11)
n+gi(xr,ur) + V(@ ye)d > 0, j=me+1,....,m ,

e < AL, lld'llg < AL
:L‘k_’_dCEX 7yk+dzey 777207



de . . . .
where d := Ji ) If we fix the integer variables, we get the continuous convex quadratic

program

minimize Vo f (@, yr)Tde + 2dTCede + o
de R e R J(@r, yr) 2 k K7

subject to 1+ g;(zk, yr) + Vaig;(xr, yr) ' d

v

07 j:17"'7m67

n— i@k, yr) — Vaegi(@p,y)tde > 0, j=1,....,m. , (12)

77+9j($kyyk)+ngj($k,yk)Tdc >0, j=me.+1,....m ,
[d)oe <AL, n>0, 2 +d°€X .

In this case, the matrix C{ is the n. x n, upper left part of C), € RMetn)xnetn) g
updated by a BFGS quasi-Newton formula subject to the Lagrange function (5), where partial
derivatives subject to the integer variables are approximated, e.g., by the difference formula
(4), if the functions f(x,y) and ¢;(z,y), ..., gm(z,y) are not relaxable.

However, for updating Cy we need multipliers with respect to all constraints at a new iterate
Trr1 € X, ypy1 € Y. They can be calculated by solving the following least squares problem
related to the KKT conditions,

minimize IV f (@1, Y1) — V(@ra1, Yrar) U — 00+ vy — wy + w5
u€ IR™, vy, vy € IR,
wy, Wy, € IR™
subject to uj > 0forall j€Jg, j>m. , and u; =0 for all j € T,
vé» >0 for all j € V), and Ué-:OfOl" alleVi , (13)

v¥ >0 for all j € V¥, and v¥ =0 for all j € V,
wé-ZOforalleW,i, andwé-:0foralljEWiC ,
w >0 for all j € W, and w¥ = 0 for all j € W, ,

where Jy, :={1,... ,meiu {j " 9j(@ps1,yk11) < 0,5 =me+1,...,m} denotes the index set of

active constraints and Jy := {1,...,m} \ Ji its complement. The other multipliers are related
to active bounds of variables with v; = (v}, ..., v} )", v, = (v}, ..., 08 )T, w = (wh, ..., wh )T,

and w, = (wf,...,wy)". The set V] is defined by V! := {j € {1,...,n.} :z; = 2} with

complement Vﬁc :={1,...,n.} \ V}. The other sets are defined accordingly.

Note that all index sets may change from one iteration to the next. We denote the solution
of (13) by uy, € IR™, vl, v € IR™, and w!,w € IR™. These multiplier approximations are then
used to compute gradients of the Lagrange function (5). Together with the difference vectors
(Tga1, Yer1) — (xx, yx) and the differences of gradients of the Lagrange function, we are able to
update Cy by the BFGS-formula leading to Cj1. As usual, the inner product of one of the two
denominators is modified to guarantee positive definite matrices. The Lagrange multipliers are
calculated by (13) to ensure their independence with respect to the branch-and-cut strategy
for solving the MIQP subproblems (11).



In the continuous case, a drawback of using the L.-penalty function is the Maratos [37]
effect, see Fukushima [22] or Yuan and Sun [53], that prevents superlinear convergence even
arbitrarily close to a stationary point under certain circumstances. To overcome this difficulty,
a second order correction (SOC) is proposed by Fletcher [19] and Yuan [52] by solving an
additional quadratic programming problem in certain situations. However, we apply the SOC
step for the continuous variables only. Integer variables are fixed, i.e., are set to d. obtained
by (11), and we obtain

minimize V f(zg, yx)? | di + @ + 1 dip + @ TC’ dp + @
B ks Yk k 0 5 | i 0 k| Ak 0

+o (9((%%) i) + Vgl yi)" ( C(l)c ))_

(14)

o0

subject to ||d§ + d°||cc < A,

where dj, = (d§, dL.) is the solution of (11). The non-smooth problem (14) can also be rewritten
as a smooth quadratic programming problem in standard form similar to (11). Let dy, == ( Az, 0)
denote its optimal solution.

We do not assume that the nonlinear mixed-integer program (1) is relaxable, i.e., we do not
assume that f(x,y) and g1(z,v), ..., gm(x,y) can be evaluated at fractional values of integer
variables. Thus, we approximate partial derivatives by a two-sided difference formula with
respect to integer variables, see (4) and the corresponding discussion. For sake of completeness,
we state the detailed calculations in Procedure 2.1.

We would like to highlight that additional function evaluations for gradient approximations
are not wasted. We keep track of the best feasible point subject to a tolerance ¢ > 0 that
has been evaluated. We may return to this neighboring grid point whenever it seems to be
profitable. Thus, Procedure 2.1 can be interpreted as a direct neighborhood search. It returns
the best feasible neighbor of (zy,yx), if one exists, which is denoted by (2", 4**) and f,
respectively. We omit the iteration index k£ to improve readability.

Procedure 2.1. Givenz € X, y €Y, f(z,y) and g(x,y). Let ¢ > 0 be a small tolerance and



fbn = 00, (mbn’ybn) = (Jf,y)

Output: V,f(z,y), V,g(z,y), fo and (=", y"").
begin

for i =1 to n; do

S
if 3! < y; < y* then

Evaluate f(z), g(z™) and f(z7Y), g(z71).

if |g(z) |loo < € and f(z71) < f then fb" .=
Of(z,y) 1

St =, T2 (f(z") = f(z71).
0a;
for j =1 tom do Sel % = % (9;(z"1) — g;(z71).

else if y; = y! then
Evaluate f(z') and g(z).

Set ) _ oy fiay).
9y
for j =1tomdo Set %;c,y) = g;(z™) — g;(z,v).

else if y; = y;' then
Evaluate f(z7') and g(z71).

of (x, _
set LI o) — p).
Yi
f . 8gj(x>y) o (~—1
or j=1tomdo Seta—y.—gj(x,y)—gj(z ).

The mixed-integer sequential quadratic programming algorithm with trust region stabiliza-

tion is an extension of Yuan’s [52] trust region method.

Algorithm 2.1. Let AS > 0, A} > 1, 09 > 0, 3 > 0, and € > 0 be given constants, choose
starting values vo € X, yo € Y and a positive definite matriz Cy € IRMetri)x(netna) Loy
f* =00, (x*,y*) = (x0,v0) be the current best known solution. FEwvaluate function and partial
derivative values f(xo,v0), 9(To0,Y0), Vaef(xo,vy0) and V,.g(xo, yo) with respect to the continuous

variables. Set k = 0.

1. Approzimate YV f(zk, yx) and V,g(xk, yx) with respect to integer variables using Proce-

dure 2.1 and obtain (zt",y2") and fi".

if Hg(:ci",y,ﬁ”)‘”oo < € and f(xzn,yz") < f* then set f* := f(a:i”,y,ﬁ") and (x*,y*) =

(@3 ")

=y, yi+ 1Y) and 27 = (g, oy — 1

if |g(z") 7 |lo < € and f(211) < fo" then [P := f(2*1) and (ab,y*") := 21
f

if |g(z™) |lo < € and f(zT1) < f then [P := f(z™') and (2", y") := 2T

if |[9(z7Y) |lo <€ and f(z71) < f" then [P := f(z7') and (2", y") = 271



. Solve the mized-integer quadratic programming problem (11) giving dy, = (dS,d)T.
if (|lg(zk, k) |loo < € or op > 7) and P(0) — Pi(dy) < € then goto Step 10.

A g, ye) oo — 1(g(r, i) + V(an, yn) i) " [loo < €

and ||(g(zr, yr) + Vg(zr, yx)Tdi) "||oo > € then opy1 := 100y

else o;.1 =0y .

if ©,(0) — @k(di) < o min][AY, [|g(Tk, Yk)  ||lco) then opiq = 2044;.

. Evaluate new function values f(xy, + dS, yr + dy), gj(xr + di,yp +di), j=1,...,m, and
compute the ratio of the actual and the predicted improvements
PUk+1 (xkv yk) - P0k+1 (xk + dz7 Yk + di:)

if 7y, < 0.75 then  solve the SOC problem (14) to obtain a solution dj, = (d5,0)T and
evaluate new function values

flan+d +dye+dy) . gila,+di +di,ye+dy), j=1,...,m.
if P, ., (vr+df + d;, Yp +dj,) < P, (xp +d,yp +dj,) then update 1y by

S Pypo (@, Y) — Py (i + d5, + d5, y + di) (16)
D(0) — Pr(dk)

and replace dy by dj + cik

. Update trust region radii by

[ min||dill/2, AS] ,if 025 > 1y,
AfL = A§ Cif 025 < 1 < 075, (17)
| max[2dille . AF] L if 075 < 7,
and ) , _
Llldillq/2] cif 025 >
Al = Al Cif 025 < 1 < 0.75 (18)
| max2||d}||,, AL 1] i 075 < g

. if 7. <0 then set (i1, Yrr1) = (Tk, Yr), Crr1 := Ck, k:=k + 1, goto Step 2
else set (v41, Yk+1) == (Tk, yx) + di.

. Bvaluate V. f(xp11, Yrr1) and Vog(Trai1, Ypr1) with respect to continuous variables.
Approzimate YV f (11, Y1) and Vyg(xpiq, ypr1) with respect to integer variables using
Procedure 2.1 and obtain (2%, y¥",) and f,.

if Hg(mmp%ﬁﬁ_buoo < e and f(zt,, ypt,) < f* then set f* = f(at,,ypt,) and
(I*a y*) = (xkfi—lu ykfi—l)'

10



9. Solve the bound-constrained least squares problem (13) to get multiplier approrimations
up € R™, vl v € R™, and w!,w? € R". Generate Cj.1 by the BFGS update formula,
let k := k+1, and goto Step 2.

10. if ||g(xkayk)7||oo <e and f* > f('rlmyk) then set f* = f(l"k:»yk:>, (m*ay*> = (xkayk)7
stop, and return the best solution f* and (x*,y*).
else set (Tpi1,ypr1) = (z*,y"). FEwvaluate function values f(xgi1, Ypr1), 9(Tha1, Yrs1)
and gradients V. f (Tx11, Yk+1), Vaeg(Tpi1, Ypr1) for continuous variables. Set k = k+1
and goto Step 1.

The penalty parameter o, might become unbounded, implying that the underlying problem
might be infeasible. In Step 2, the penalty parameter o is checked for unboundedness. If
o is greater than a threshold ¢ and the predicted reduction is small enough, the algorithm
terminates due to infeasibility. The parameter & should be set to a sufficiently large value, e.g.,
10%°,

In Step 6, the trust region update for the continuous trust-region radius A§ uses the norm of
the complete step dj including the integer part, see (17), to guarantee that Af > 0. Expression
||d]l;/2] in (18) denotes the largest integer value smaller than [|d}||,/2. Thus, the trust-region
radius A} is integer for all .

Note that Procedure 2.1 in Step 1 and Step 8 is not executed if exact gradients for integer
variables are available or are approximated externally.

Algorithm 2.1 is implemented and the code is called MISQP. However, MISQP contains of
some heuristics to improve the robustness of the described algorithm. In the remainder of this
section, we describe them in more detail.

We allow a non-monotone decrease of penalty function values P, (2, yx). The idea of
accepting new iterates which eventually increase the penalty function, is investigated in the
context of trust region algorithms by several authors, see, e.g., Toint [19], Chen et al. [11], and
Deng et al. [13]. We choose an integer constant M > 0 and compare an actual penalty function
value always with the highest one obtained during the previous M successful iterations. We
call an iteration k a successful iteration, if dj is used to update an iterate, i.e., if (xg11, Yry1) =
(g, yr) +di. The set of iterates that corresponds to the last M successful iterations be denoted
by K. Note that whenever (2441, yrs1) = (2k, Yi) + di the iterate (2j11, yry1) substitutes the
element with the lowest iteration index in set K ;. The alternative formulation of Step 4 is

4. Evaluate new function values f(zy + dS, yr + d},), gj(xx + d,yr + d},), j = 1,...,m, and
compute the quotient of the actual and the predicted improvements

ngJrl ('le" ylk) - P0k+1 (mk + dZ, Yk + d;ﬂ)
®(0) — Pr(d) ’

T i — (19)

where P, (21, y,) == max P,  (z,y).
(:E,y) € Ky

This strategy often improves efficiency and reliability of the algorithm.

11



The standard procedure for updating C} is a modified BFGS update formula, as outlined
above, which guarantees positive definite matrices. However, we modify C}, if the conditions of
Step 2 are satisfied and Step 10 reached, to get

1Cklloe < IV (@, yr) oo - (20)

Ne + Ny

All entries in Cj are scaled by the same value. The scaling strategy is also motivated by the
fact that large values in C} result in integer steps that are equal to the zero vector. Numerical
tests show that this heuristic scaling strategy (20) improves the robustness of the algorithm
significantly.

Numerical tests indicate that restarts are highly profitable. If the termination criterion in
Step 10 is fulfilled, the relaxed quadratic program (11) is solved subject to a continuous vector
di € IR™. The integer variable values of the solution dj = (d, d.) are rounded to get d € Z™
and we restart Algorithm 2.1 from the obtained new iterate.

3 A Linear Outer Approximation Algorithm Combined
with SQP and Trust Region Stabilization

In this section, we introduce two algorithms combining linear outer approximations and the
SQP-type mixed-integer nonlinear programming algorithm described in the previous section.
To motivate our method, we briefly present the theoretical background of the method of linear
outer approximation described by Fletcher and Leyffer [20] and Duran and Grossmann [15],
see also Quesada and Grossmann [38] for an alternative approach.

To simplify the notation and the analysis of this section, we assume that there are no
equality constraints, i.e., m, = 0. The mixed-integer nonlinear program (1) is then written in

the form o
minimize x,
Juigimize f(z,y) 1)

subject to  g(xz,y) >0 ,

where the corresponding continuous relaxation is
minimize  f(z,y)
reX,yeYp (22)
subject to  g(z,y) >0 .

For a given y € Y, we denote the nonlinear program

minimize f(z,y)
zeX (23)
subject to g(z,y) >0 ,

by NLP(y) and its solution by z(y).
In the following, we denote the set of integer values leading to feasible nonlinear subproblems
by
T :={yeY: NLP(y) feasible } . (24)
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Analogously, we denote the set of integer values y leading to infeasible subproblems by
S:={y €Y : NLP(y) infeasible } . (25)

Note that Y =T U S.

Consider now y € S and let J(y) be the set of all indices from {1,...,m}, for which there
exists an z € X with g;(z,y) > 0 for all j € J(y). With J*(y) := {1,...,m}\J(y), we obtain a
feasibility problem F(y) for any fixed y € Y/,

minimize — Z w;gi(x,y)”
veX je () (26)
subject to g;(z,y) >0, j € J(y) ,

where w; are appropriate nonnegative weights, which are not simultaneously equal to zero and
where g;(x,y)” is defined by (8). We denote the solution of F(y) by z(y) for y € S, and
obtain additional constraints of the form

g(mF(y),y) + Vg (mF(y),y)T ( JZE:;F(y) > >0, forallyesS , z€Y . (27)

First, we summarize some assumptions which are also stated by Fletcher and Leyffer [20]
or Duran and Grossmann [15], respectively.

Assumption 3.1. For the mized-integer nonlinear program (21) the subsequent conditions are
supposed to be valid:

1. The relaxed program (22) is convez, i.e., f(x,y) is conver and g(z,y) is concave over X
and Yr.

2. f(z,y) and g(x,y) are continuously differentiable for all v € X and y € Yg.

3. The linear independency constraint qualification (LICQ)) holds at the solution z(y) of
NLP(y), y € T, and at the solution of feasibility problem F(y), y € S.

Linear outer approximation algorithms approximate a solution of (21) by alternately solving
continuous nonlinear programs NLP(y), see (23), with fixed integer variables y € Y, followed by
a mixed-integer linear program called master program. The idea is to decouple the continuous
nonlinear and the integer optimization parts and to apply efficient nonlinear programming and
linear mixed-integer programming solvers separately. The master program is a linear relaxation
of (21), where the number of linearized constraints grows successively. Since Y is finite, a linear
outer approximation terminates after finitely many steps. Each solution of a master program
provides a lower bound for (21).

The methods of Fletcher and Leyffer [20] and Duran and Grossmann [15] are based on the
idea that (21) is equivalent to

mlynén&lze f(@(y),y) (28)
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where
Vi={yeY:3zxe X with g(x,y) > 0} (29)

is the set of all integer values y with feasible nonlinear programs NLP(y). Note that V is a
finite set of integer vectors.

After introducing an artificial variable 7 for minimizing the maximum linearized objective
function value over T, the outer approximation master problem is given in the form

minimize i
zeX,zeY,nelR
subject to f(x(y),y) + Vf(x(y), y)" ( xz__x(yy) ) <n, forallyeT,
_ (30)
9(z(y),y) + Vg(z(y),y)" ( xz _x;y) ) >0, forally e T ,
___F
9" (y),y) + Vg (y),y)" < ! . ’ y(y) > >0, forallyesS .

Since the sets S defined by (25) and T defined by (24) are not known a priori, they are
approximated by
Ty :={y; : 1 <k, NLP(y;) is feasible } |
(31)
Sk :={y; : j <k, NLP(y;) is infeasible }
in the k-the step of an outer approximation algorithm, by which wo, y1, ..., yx € Y were
computed. The corresponding relaxed linear master program, where we replace z by y to
simplify the subsequent notation, is
minimize
zeX,yeY,nelR

subject to @), vi) + Vf(x(yi), )" ( v —o(y:) ) <n, forallieTy ,

Y=Y
— 2y (32)
g(x(yi),v:) + Vg(z(y:), vi)" ( xy _x;yz) ) >0, for all i € T}, ,
v v —2"(y;) :
9(z(y;),y;) + Vg(x(y;), yj) y— 1y, J >0, foralljes, .
j
The methods of Fletcher and Leyffer [20] and Grossmann [24] require exact partial deriva-

tives with respect to the continuous and integer variables in (32). However, if exact gradients
are not available and if they have to be approximated numerically, see e.g. (4), the resulting
approximations might not underestimate or overestimate, respectively, objective function and
constraints. Moreover, linear outer approximations might cut off a solution in case of nonconvex
problems and additional safeguards must be attached.

In the remainder of this section, we propose two algorithms, which combine the well-known
linear outer approximation techniques with Algorithm 2.1.
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Our first approach is to add a linear outer approximation master program (32) to the trust
region algorithm of Section 2. To prevent cycling, we alternate between MINLP subproblems
and continuous nonlinear NLPs with fixed integer variables, as done in available linear outer ap-
proximation algorithms, i.e., between NLP(y) or F(y), respectively. Furthermore, we introduce
additional constraints cutting off previous solutions. If we knew that the given mixed-integer
nonlinear program is convex, one should better apply a linearized objective function cut.

The first step of the modified algorithm is to apply Algorithm 2.1 to solve the mixed-integer
nonlinear program (21), which has some additional constraints to prevent cycling,

minimize x,
reX,yeyY f( y)
subject to  g(z,y) >0 , (33)

ly—wl3>1, forall 1 <1<k,

and which is denoted now by MINLP (k). If (33) turns out to be infeasible, as, e.g., measured by
too large penalty parameters, the feasibility problem F(yy) is solved. Subsequently, the master
program (32) is set up and the solution of (32) provides a new starting point for (33) in the
next iterate.

The additional constraints

ly—wl3>1,forall 1 <i<k (34)

lead to nonconvex subproblems and a much more difficult solution process. Extensive tests
showed that they improve the overall performance and robustness of the MINLP algorithm.
The modified algorithm is summarized as follows.

Algorithm 3.1. Let xyg € X andyy € Y be given starting values, € > 0 a termination tolerance,
and R > 1 a cycling rate and & > 0 an upper bound for the penalty parameter in Algorithm
2.1. Set f*:= o0, (x*,y*) := (x0,40), and k := 1.

1. if k=1 orif k is a multiple of R, then goto Step 2
else solve NLP(y), or, if NLP(yy) is infeasible, F(yy) subject to the stopping tolerance
€. Denote the solution by Ty, let i, := yr and goto Step 5.

2. Solve MINLP(k) (33) by Algorithm 2.1 subject to stopping tolerance € and denote the
solution by Ty and y,.
if MINLP(k) cannot be solved, i.e., stops at an infeasible point, or if o > & in Step 4 of
Algorithm 2.1, solve F(yx) and denote the solution again by Ty,.

3. Fvaluate new function and derivative values, either analytically or by Procedure 2.1, at
(Ek,yk) B
if g @k, Up) o < € and f (T, 7)) < f*, then set f* = f(T},7,) and (2%, y") =
(Ek,yk)-
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4. Add new constraints to the linear master program (32) formulated at (Ty,7,), and solve
(32). Denote the solution by (Tri1, Ykr1, Mk)-

if n, > f* — €, then stop and return the best solution f* and (x*,y*)
else set k:=k+ 1 and goto Step 1.

Note, that the numerical solution of the mixed-integer nonlinear program (33) requires
substantial additional computational overhead. Thus, R is a constant parameter to reduce
the number of solutions of (33). In Step 1 of Algorithm 3.1, we solve continuous nonlinear
optimization problems with given integer variables. Step 2 offers more freedom in computing
new search steps, since possible changes in continuous and integer variables are simultaneously
taken into account.

An alternative idea is to add linear outer approximations directly to the internal cycle of
the SQP-type Algorithm 2.1. Our goal is to modify the linear outer approximation method
as outlined before, by allowing a subsequent adaption of integer variables also outside of the
master problem (30). First, we define a condition under which a mixed-integer search step
obtained from (11) is acceptable compared to a continuous step OZZ obtained by solving (12).

Definition 3.1. Denote the mired-integer solution of the quadratic program (11) at (g, yr) €
X xY by (d§,d}) € R™ x Z" and let d§, € IR"™ be the solution of the continuous quadratic

program (12) for a fived yi. If
Pak(xk_'_dz’yk—i_d;c) < P0k<xk+dNi7yk) ) (35>

holds, then (dS,d.) is an improved mixed-integer search step subject to ciz, where P,, denotes
the Loo-penalty function (5) with penalty parameter oy,.

A change in the integer variables according to Definition 3.1 is considered as an improved
direction, if the search step is more profitable than the continuous step dg with respect to the
L-penalty function (5).

To avoid cycling, we record the previous solutions of the master problem (32) and skip
the computation of mixed-integer search-directions, i.e., we do not solve MIQP (11), whenever
cycling is detected. As soon as the master problem yields an unexplored integer value, mixed-
integer search directions are again computed.

Note that the best current solution f*, (z*,3*) of the subsequent algorithm is updated,
whenever the conditions

lg(zrsye) loo < € (36)
fogye) < f° (37)
are satisfied for function values evaluated at (zy, yx) subject to a feasibility tolerance e > 0.

Algorithm 3.2. Let A > 0, Ay > 1, 09 > 0, and € > 0 be given constants, choose starting
values kg € X, yo € Y and a positive definite matric Cy € IRMetmi)x(netni),

Fvaluate function values f(xo,y0), g(xo,yo) and derivatives V f(xo,yo), Vg(xo,yo), either ana-
lytically or by Procedure 2.1. Set f* := oo, (z*,y*) = (zo,y0) and k := 0.
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4

. Solve the continuous quadratic program (12) and denote its solution by cii Fvaluate new

function values f(xy, + d§, yx) and g;(zx + d5,yx), 7 = 1, ..., m, and update the best
solution values, if conditions (36) and (37) are satisfied. Update the penalty parameter
Ok+1 according to Step 3 of Algorithm 2.1 with respect to oy, A§ and g(xy + Jg,yk),
compute rj according to (15), and update the trust region radius Af, , by (17).

. Solve the mized-integer quadratic program (11) and denote its solution by df, € IR" and

di. € Z™. Evaluate new function values f(xy+d, yr+di) and g;(xr +dS, ye+di), j =1,
.., m. Update the best solution, if (36) and (37) are satisfied. Compute ' according to
(15), and update the trust region radius A}, by (18).

- if (df, d},) is an improved mized-integer search direction then let dy := (df,d}), ry := 7,

else let dj, := (d§,0) and ry == r}.

if . is a stationary point of NLP(y) subject to the termination tolerance €, either feasible
or non-feasible, then goto Step 6.

. if rp <0, then set (241, Yks1) = (Tk, Yx), Cke1 := Ck, k:= k+ 1 and goto Step 1

else set (xk+173/k+1) = (%; Z/k) + dy.

. Bvaluate gradients V f(Tgi1, Yk+1) and Vg(xri1,yry1) either analytically or by Proce-

dure 2.1. Solve the bound-constrained least squares problem (13) to get multiplier ap-
proximations. Generate Cyy1 by the BFGS update formula, set k := k + 1 and goto
Step 1.

. Update the linear master program (32) by adding new constraints subject to (zy,yx) and

denote the solution by (Tri1, Ykr1, Mk)-
if n, > f* — ¢, then stop and return the best solution f* and (z*,y*)

else evaluate new function values f (Tr+1, Ykt1), 95 (Tht1, Ykt1) and new gradient values
Vi(@kt1, Yrt1), Vi (Ths1,Ykt1), 7 = 1, ..., m, either analytically or by Procedure 2.1
and update best solution, if conditions (36) and (37) are satisfied. Set k := k + 1 and
goto Step 1.

Comparative Numerical Results

4.1 Test Environment

Our codes are part of a modular toolbox, which allows to switch easily from one solver to
another. They are implemented in thread-safe Fortran as close to F77 as possible.

We intend to evaluate the numerical performance of four solvers, some of them executed with

alternative parameter settings, on a set of 100 academic mixed-integer and a set of 55 mixed
binary test problems provided by our industrial cooperation partner Shell SIEP Rijswijk. In
both cases, we have nonlinear and also nonconvex objective functions and nonconvex feasible
domains, especially also nonlinear equality constraints.
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There is basic difficulty when evaluating statistical comparative scores by mean values for
a series of test problems and different computer codes. It might happen that the less reliable
codes do not solve the more complex test problems successfully, but the more advanced ones
solve them with additional numerical efforts, say calculation time or number of function calls. A
direct evaluation of mean values over successful test runs would thus penalize the more reliable
algorithms.

A more realistic possibility is to compute mean values of the criteria we are interested in,
and to compare the codes pairwise over sets of test examples, which are successfully solved
by the two codes. We then get a reciprocal nepge X Neoge Mmatrix, where ngqe is the number of
codes under consideration. The largest eigenvalue of this matrix is positive and we compute
its normalized eigenvector from where we retrieve priority scores. The idea is known under the
name priority theory, see Saaty [10] or the appendix, and has been used by Schittkowski [42] and
Hock and Schittkowski [27] for comparing 27 optimization codes. In a final step, we normalize
the eigenvectors so that the smallest coefficient gets the value one.

The following codes are implemented based on the algorithms outlined in the previous
sections, and are tested with different parameter settings:

MISQP [16] - Mixed-integer SQP-based trust region method, i.e., Algorithm
2.1, partial derivatives approximated by Procedure 2.1

MISQP /bmod [16] - Same as MISQP, but quasi-Newton updates not scaled in or-
der to satisfy (20)

MISQP/fwd [16] - Same as MISQP, but integer variables treated as relaxable,

i.e., partial derivatives with respect to integer and boolean
variables computed by difference formulae analogously to the
procedure used for continuous variables

MISQP/rst0 [16] - Same as MISQP, but no restarts

MISQPOA [30] - Implementation of Algorithm 3.1, i.e., additional stabilization
by outer approximations, successive solution of mixed-integer
nonlinear problems by MISQP. Every 6th subproblem is for-
mulated as a mixed-integer nonlinear program (33).

MISQPN [17] - Implementation of Algorithm 3.2, i.e., by an SQP-based outer
approximation method, successive solution of mixed-integer
quadratic programs extended by linear outer approximation
constraints

MINLPB4 [29] - Branch-and-bound method based on MISQP with branching
subject to integer and binary variables, i.e., generation of a
sequence of nonlinear continuous programs solved by MISQP
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For solving continuous quadratic programming problems, we use the code QL of Schitt-
kowski [11], which is based on an implementation of Powell [37]. The underlying primal-dual
method of Goldfarb and Idnani [23] is particularly useful for designing a branch-and-cut al-
gorithm for mixed-integer quadratic programs, e.g., by exploiting dual information for early
branching. The corresponding code is called MIQL, see Lehmann and Schittkowski [258], and is
used in all situations where we have to solve mixed-integer quadratic programs.

Note that all continuous nonlinear programs are solved by MISQP by setting the number of
integer variables to zero. The algorithm then behaves like an SQP algorithm with trust region
stabilization and quasi-Newton updates, see Exler et al. [16] for details.

The quadratic programming code MIQL mentioned above and the nonlinear mixed-integer
programming code MINLPB4 call the branch-and-bound subroutine BFOUR, see Lehmann et
al. [31], where several branching and node selection strategies are implemented.

For executing the above mentioned optimization codes, we apply default parameter settings
and tolerances, see the corresponding user guides for details, with termination tolerance 1075.
Maximum number of iterations is 2,000, and the number of branch-and-bound nodes is bounded
by 10,000.

All test examples are provided with the best objective function value f* we know, either
obtained from analytical solutions, literature, or extensive numerical testing. Derivatives with
respect to continuous variables are always approximated by forward differences subject to a
small tolerance (107°), whereas integer derivatives are replaced by descent directions, see Pro-
cedure 2.1. For binary variables or for variables at a bound, a forward or backward difference
formula is applied, respectively. Exceptions are the codes MISQP/fwd and MINLPB4. In
both cases the derivatives with respect to the integer variables are approximated by the same
procedure used for the continuous variables.

The Fortran codes are compiled by the Intel Visual Fortran Compiler 10.1 under Windows
7 and executed on an Intel Core(TM)2 i7 64 bit processor with 3.16 GHz and 8 GB RAM.

First we need a criterion to decide whether the result of a test run can be considered as
a successful return or not. Let ¢, > 0 be a tolerance for defining the relative accuracy, and
(2, yx) the final iterate of a test run. If f* = 0, as in some of the academic test instances, we
add the value one to the objective function. We call (xy, yx) a successful solution, if the relative
error in the objective function is less than ¢, and if the maximum constraint violation is less
than €2, i.e., if

f(@e,yr) — 17 < el f] (38)
and ||g(zx, yr) |lo < €2, where g(zy,yr)” represents the vector of constraint violations. We
take into account that a code returns a solution with a better function value than the best
known one, subject to the error tolerance of the allowed constraint violation. The tolerance
is smaller for measuring the constraint violation than for the error in the objective function,
since we apply a relative measure in the latter case, whereas constraint functions of our test
problems are often badly scaled.

Moreover, we would like to distinguish between feasible, but non-global solutions, successful
solutions as defined above, and false terminations. We call the return of a test run, say zy
and y., an acceptable solution, if the internal termination conditions are satisfied subject to a
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reasonably small tolerance ¢ = 107% and if instead of (38)

f@rye) — [* = el f7] (39)

holds. For our numerical tests, we use ¢, = 0.01.

Note again that our main paradigm is to proceed from non-relaxable integer variables and
corresponding descent directions, which could be considered as a very crude numerical ap-
proximations of partial derivatives by forward differences. To be as close to complex practical
engineering applications as possible, we apply a forward difference formula for approximating
partial derivatives subject to the continuous variables.

We use the subsequent criteria to compare the robustness and efficiency of our codes on two
sets of test problems:

Nsuee - number of successful test runs according to above definition,

naee - number of acceptable, i.e., of non-global feasible solutions, see above
definition,

A... - average relative deviation of computed solution from the best known
known one, (f(zg,yx) — f*)/|f*], taken over all acceptable solutions,

Nerr - number of test runs terminated by an error message,

Nfune - average number of equivalent function calls including function calls used

for computing a descent direction or gradient approximations, evaluated
over all successful test runs, where one function call consists of one eval-
uation of the objective function and all constraint functions at a given x

and y,
DPfunc - Telative priority of equivalent function calls including function calls used
for gradient approximations,
time - average execution times in seconds, evaluated over all successful test runs,
Pume - relative priority of execution times.

For an alternative way to present comparative numerical results, Dolan and Moré [11]
developed performance profiles which are frequently applied in comparative computational
studies. We present them for our main measure, namely the number of equivalent function
calls.

4.2 Academic Test Problems

First, we evaluate the performance of the presented solvers on a test set of 100 academic test
examples published in Schittkowski [16]. Each test problem comes with a function value which
has been found in the literature or which has been obtained by extensive testing over several
years. They are believed to represent the optimal solution, at least we did not find better
results by our test runs. There are at most 23 continuous, 100 integer, and 24 binary variables.
Moreover, there are up to 17 equality constraints and the total number of constraints is at
most 75. 65 test problems are taken from the GAMS MINLPLib, see Bussieck, Drud, and
Meeraus [10)].
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code Nsuce  Nace  Derr  Nerr Pfunc Nfunc  Ptime time

MISQP 89 11 0.84 0 1.3 500 3.4 039
MISQP /bmod 71 29 348 0 1.0 340 1.0 0.20
MISQP /fwd 81 19  0.64 0 1.9 396 4.0 0.11
MISQP /rst0 69 30 0.36 1 1.0 241 23 0.14
MISQPOA 91 9 0.31 0 3.1 1,093 10.7 0.65
MISQPN 74 24 1.17 2 4.4 1,139 85 0.17
MINLPB4 88 8 1.00 4  51.6 218,881 1.8 4.11

Table 1: Performance Results for a Set of 100 Academic Test Problems

Table 1 shows numerical results obtained for the mixed-integer trust region method MISQP,
the branch-and-bound solver MINLPB4, and the outer approximation solvers MISQPOA and
MISQPN, see the previous subsection for more details.

In a few cases, the codes are unable to find a feasible solution and an error message is
generated. In a couple of other situations, the codes are unable to improve a current iterate
and report that a feasible solution is obtained, but which is not the global optimum.

Table 1 shows that scaling the quasi-Newton matrix is extremely important to improve
the robustness of our implementation. Otherwise, the number of successfully solved test runs
decreases by almost 20 per cent. The significant reduction of the function calls indicates that the
solver terminates too early. The results of MISQP /rst0 emphasize the importance of internal
restarts. Although the MISQP variant with nearly exact partial derivatives, MISQP /fwd, needs
less function evaluations, it is on the other hand less reliable. There is no evidence to conclude
that the one or the other variant is better.

MISQPOA calls MISQP within an outer approximation framework. Thus, the obtained
solution is at least as good as the one found by MISQP. The added safeguards result in a
higher number of function evaluations, but more problems can be solved successfully.

The new outer approximation algorithm implemented under the name MISQPN, is still an
experimental implementation and less reliable than any of the other codes. The average number
of function calls of MISQPN is more than twice higher than that of MISQP, and the priority
level indicates that nfy,. is even about four times higher when compared over the set of test
runs which terminated successfully for both codes. One possible explanation is the effect of
a heuristic scaling of the BFGS updates which is not implemented for MISQPN. Thus, one
should better compare MISQPN to MISQP /bmod. Both codes solve almost the same number
of test problems, but MISQP /bmod requires less function evaluations.

As expected, the branch-and-bound solver MINLPB4 is much less efficient than the other
solvers, since a large number of continuous nonlinear optimization problems must be solved. To
prevent exhaustive computation times, MINLPB4 is provided with the information that all test
problems are supposed to be convex. Thus, the number of successful test runs is comparable to
those of MISQP indicating again that at least ten test problems of our collection are nonconvex.

Performance profiles for the number of function evaluations, 7 ,,., are presented in Figure 1.
For each solver the profile shows the percentage of test problems the code solved successfully
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Figure 1: Performance Profiles for Academic Test Problems

without exceeding an upper bound on the number of function evaluations. The upper bound
is a multiple of the number of function calls the best solver on an instance needed. The
factor is given along the abscissa. For example, MISQP solves 80% of the problems with at
most four times the number of function evaluations compared to the best solvers. According
to the performance profiles MISQP /rst0 is the most efficient solver. In 45% of the problems
MISQP /rst0 needs the fewest number of function evaluations to solve the problem. MISQP /fwd
and MISQP/bmod follow. If all heuristics are activated then MISQP becomes more robust.
The performance profiles can be interpreted similarly to the results presented in Table 1.

4.3 Test Problems from Petroleum Engineering

A large variety of applications of mixed-integer nonlinear programming is found in the petroleum
industry. We select two classes of problems known as well relinking and gas lift problems for our
numerical tests, which differ by their dimensions and data and which are collected in another
set of 55 test examples. The case studies have been provided by Shell SIEP Rijswijk together
with optimal solutions found by extensive numerical tests with global optimization solvers.
These applications are based on complex simulators, but simplified algebraic description are
provided reproducing typical problem characteristics.

To give a typical example, we introduce a simple well relinking model, where the total flow
in a given network is to be maximized. The network consists of a number of source nodes and
some sink nodes. The flow from each source node is to be directed to exactly one sink node,
and the total capacity at the sinks is limited in terms of pressure and flow. A source node has
a special pressure-flow characteristic and the total flow within the network is bounded.

Let us assume that there are m, sinks and n, sources, and that we want to maximize the
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code Nsuce  Nace  Derr  Nerr Pfunc Nfunc  Ptime time

MISQP 50 5 0.041 0 2.7 1,964 3.6 091
MISQP /bmod 49 6 0.044 0 2.0 1,430 2.0 0.50
MISQP /fwd 45 10 0.041 0 2.8 1,901 3.5 0.88
MISQP /rst0 37 17 0.104 1 1.0 630 1.0 0.14
MISQPOA 52 3 0.033 0 235 17,786 315 7.78
MISQPN 33 9 0.087 13 104 5,331  11.6 1.29
MINLPB4 55 0 0.0 0 204.2 154,898 2.0 045

Table 2: Performance Results for a Set of 55 Well Relinking and Gas Lift Test Problems

total flow
Ns
PIE
i=1
under so-called split-factor constraints, i.e., a set of switching conditions for each source i, i = 1,

..., g, of the form
Doy o= 1.
j=1

Moreover, we have pressure constraints at source ¢, 1 = 1,...,ng,

ms

i,
§ cY; < a; — bix;
=1

and upper bounds (); for mass rates at the sinks, j =1, ..., ms,
Ns
i=1
with appropriate positive constants 03-, Qj,j=1,..., 5 =mg and a;, b;, 1 =1, ..., ns. The

well relinking test examples are defined by their dimensions my = 3 and ny = 3, ny, = 6, or
ns = 9, the constants mentioned above, modified topologies, and the existence of simulated
compressors and related technical systems or not.

In a very similar way, some gas lift test problems are created, see Ray and Sarker [39]
or Ayatollahi et al. [3] for related models. We finally get a set of 55 test problems, where
the number of continuous variables varies between 3 and 10, the number of binary variables
between 9 and 27, the number of linear equality constraints between 0 and 9, and the number
of inequality constraints between 1 and 21. Table 2 contains performance results for the solvers
under consideration.

The code MISQP is, in any of the four different versions tested, by far the most efficient one
in terms of number of function evaluations. Even if an optimal solution is not reached, MISQP
stops at least at an acceptable solution.
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Figure 2: Performance Profiles for Petroleum Engineering Problems

The additional stabilizations of MISQPOA by linear outer approximations require a signifi-
cant amount of additional iterations and, consequently, a much larger number of function calls.
The code is an upgrade of MISQP in the sense that proceeding from an initial optimal solution
of MISQP, linear outer approximation constraints are added successively.

The idea behind the code MISQPN is similar. We get less acceptable solutions compared
to MISQP, but, however, a couple of false terminations, which are in some cases very close to a
solution. Also the number of function evaluations is significantly larger than those of MISQP.
We have to note again that MISQPN is still an experimental implementation without all the
additional heuristics developed for MISQP.

The branch-and-bound code MINLPB4 solves all test problems, but requires more than 100
to 200 times as many function calls as MISQP.

Performance profiles are shown in Figure 2, where the performance ratio of 7 ¢, is displayed
over those logarithmic numbers, for which the performance ratio is below the displayed number,
see also Figure 1 and the corresponding comments.

5 Conclusions

It is well known that nonconvex nonlinear mixed-integer optimization problems are extremely
difficult to solve. In general, even simple concepts like local solutions or convexity of functions
are not available, especially if appropriate relaxations do not exist, i.e., continuous represen-
tations of model functions where integer variables can be treated as continuous. In highly
complex technical simulation codes especially for engineering applications, however, it is often
not possible to evaluate an objective or constraint function value for fractional values of an
integer variable. In this situation, most of the known optimization algorithms fail to find a
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solution or cannot even be applied. Thus, the complexity of an optimization problem depends
heavily on the structure of integer variables.

We conclude from our numerical results that SQP-based algorithms provide an efficient way
to solve nonlinear mixed-integer programs, if the main performance criterion is the number
of function evaluations. Since convex mixed-integer quadratic programming problems must
be solved successively, the total computational effort, e.g., calculation times, might become
costly. We recommend our approach also in situations, where function evaluations are extremely
expensive. The limitations of our approach are that integer variables must have an internal
smooth structure, i.e., do not behave like categorial variables, and that the total number of
variables is not too large.

We investigate the possibility to extend our mixed-integer SQP-type algorithm by adding
a mixed-integer linear master program with linear outer approximation constraints, by which
the SQP-type method is stabilized. The safeguards require a significant amount of additional
function calls.

On the other hand, it is possible to apply the outer approximation idea directly to the mixed-
integer SQP methods mentioned above, by combining the master program and the continuous
solver for fixed integer variables. Drawback in this case is a larger number of feasible, but non-
optimal solutions and more terminations in error situations. The corresponding code MISQPN
is still a preliminary implementation and we will investigate its mathematical background in
the future.

Our experience is based on numerical tests obtained by a set of 100 academic examples
and 55 examples with some background in petroleum engineering. All objective and constraint
functions consist of analytical expressions, and all integer or boolean variables are relaxable.
However, this information is only exploited for testing certain variants of our codes, especially
when we need partial derivative values with respect to integer variables. Our main motivation
is to provide software in form of a toolbox for complex practical applications, where integer
variables are not required to be relaxable and where function evaluations are costly. Since we
assume that partial derivatives with respect to integer variables are not explicitly available,
we replace them by descent directions computed by two-sided differences at neighbored grid
points. Surprisingly enough, these crude approximations work extremely well in our numerical
tests.

We suppose that a 'black box’ simulation code provides the function values, i.e., that we
do not need to know anything about the internal structure of variables or constraints. But if,
just in case, some structures are known in advance, as, e.g., special linear constraints based on
second-order-set (SOS) variables, we have a very simple way to handle them. Since constraints
are linearized, they are passed directly to the underlying MIQP. Due to the modular structure,
our own MIQP solver is easily exchanged by another one which, after passing the structural
information, takes them into account.

Despite of using descent directions with respect to integer variables, our solvers efficiently
compute feasible solutions, where continuous and integer variable values satisfying the con-
straints. The objective function values are often close to the best known optimal solutions for
our two test problem collections.

All presented numerical results must be analyzed with great care. One has to find a suitable
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compromise between preferring a rapid termination, where a feasible solution is acceptable, or a
more intensive search in the integer space by allowing more iterations, linear outer approxima-
tions, etc. In the latter case, internal computation times and numbers of function calls might
significantly increase, but the probability to attain a good solution, is increased.
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APPENDIX: Priority Theory

To explain the basic difficulty when evaluating statistical comparative scores, let us consider
a simple example. Suppose we want to evaluate one performance criterium, e.g., calculation
time, for comparing three optimization codes, say C, Cs, C3, on five test problems, TPy, ...,
T P5. The results of the test runs might be given by the data of Table 3. A ” x” indicates that
the code could not solve the corresponding test problem successfully.

The mean values of calculation times are taken over all successful test runs. We get the
impression that C5 is somewhat faster than C, but the calculation times for test problems
successively solved by both codes, are the other way round. On the other hand, the mean value
for (5 is twice as larger than the one for C'; and a bit more than the one for Cs.

We have to expect that in particular the higher dimensional, time-consuming test problems
could not be solved successfully by all programs. To avoid the difficulties as outlined in the

above example, we exploit the priority theory of Saaty [10], which was used by Lootsma [31]
for comparing optimization software.

Now we assume that we want to compare N codes C;, © = 1, ..., N, on a set of M test
problems TP;, j = 1, ..., M. Let S; denote the set of test problems that could be solved

successfully by code C;, i =1, ..., N, i.e.,
S; :={j : TP; could be solved successfully by C;,1 <j < M} . (40)

Priority theory is based on a pairwise comparison of the N programs with respect to the
performance criterium under consideration, e.g., calculation time. Let t;; be the performance
result obtained by code C; on test problem T'P;, t;; > 0. Then we use the expressions

JES;NSE

= (41)

JES;NSE
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fori=1,..., Nand k=1, ..., N, to define a reciprocal matrix

R:=(rie) v (42)
where the elements of R satisfy the condition
Tk =15 >0 . (43)

Matrix R is to be considered as an approximation of the matrix

P= (ﬂ) , (44)
Wk /) k=1,N

where the entries wy, ..., wy are the true mean values of the stochastic variables we are
considering, say expectation value of execution time for code C;. To simplify the subsequent
analysis, we assume that

N

Swt

i=1

and let w := (wy,...wy)T. Then P is a rank-one matrix with
Pw = Nuw , (45)

i.e., N is the only positive eigenvalue of P and w is the uniquely determined normalized eigen-
vector with positive elements.

On the other hand, we can apply a theorem of Perron-Frobenius, see Bellman [1] for example,
which states that the largest eigenvalue of R, which is considered as an approximation of P, is
real and positive, and that there is a uniquely determined eigenvector with positive elements.

To sum up, the performance evaluation consists of establishing the matrix R, see (41) and
(42), and of computing the maximum eigenvalue of R with positive eigenvector w, which is
considered as a suitable approximation of w, see (45). The entries of the eigenvector are scaled
so that the smallest coefficient becomes the value one.

To give an example, consider the data of Table 3. Then

1.0 0.86 0.52
R=1| 117 1.0 0.56
1.92 1.79 1.0

and the eigenvector corresponding to the largest eigenvalue of R is
w = (1.0,1.1,2.0)" .

These scores can be used to estimate the performance criterium which is to be evaluated. We
observe that (] is slightly faster than (5, as can be retrieved from Table 3. On the other hand,
Cj5 is about two times slower than '} and, approximately also twice slower than Cy. Whereas
the first conclusion cannot be retrieved from the mean values, that last one corresponds quite
exactly with the mean values, see Table 3.
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